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Abstract
We study the processes KK¯ → φ, piD → D∗, piD¯ → D¯∗, and the production of
ψ(4160) and ψ(4415) mesons in collisions of charmed mesons or charmed strange
mesons. The 2-to-1 meson-meson scattering involves a process where a quark and an
antiquark from the two initial mesons annihilate into a gluon and subsequently the
gluon is absorbed by the spectator quark or antiquark. Transition amplitudes for the
scattering process derive from the transition potential in conjunction with mesonic
quark-antiquark wave functions and the relative-motion wave function of the two
initial mesons. We derive these transition amplitudes in the partial wave expansion
of the relative-motion wave function of the two initial mesons so that parity and
total-angular-momentum conservation are maintained. We calculate flavor and spin
matrix elements in accordance with the transition potential and unpolarized cross
sections for the reactions using the transition amplitudes. Cross sections for the
production of ψ(4160) and ψ(4415) generally increase as the colliding mesons go
through the cases of DD¯, D∗D¯, and D∗D¯∗ or the cases of D+s D
−
s , D
∗+
s D
−
s , and
D∗+s D
∗−
s . We suggest the production of ψ(4160) and ψ(4415) as a probe of hadronic
matter that results from the quark-gluon plasma created in ultrarelativistic heavy-
ion collisions.
Keywords: Inelastic meson-meson scattering, Quark-antiquark annihilation, Relativistic
constituent quark potential model.
PACS: 13.75.Lb; 12.39.Jh; 12.39.Pn
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I. INTRODUCTION
Elastic meson-meson scattering produces many resonances. Starting from meson-
meson scattering amplitudes obtained in chiral perturbation theory [1], elastic scattering
has been studied within nonperturbative schemes, for example, the inverse amplitude
method [2] and the coupled-channel unitary approaches [3]. Elastic meson-meson scat-
tering has also been studied with quark interchange in the first Born approximation in
Ref. [4] and with quark-antiquark annihilation and creation in Ref. [5]. Elastic scattering
reported in the literature includes ππ [1–3], πK [1–3], KK¯ [6–9], πη [6,7,10–13], Kη [6],
ηη [8], πρ [14, 15], πD [16], K¯D [17, 18], K¯D∗ [17], and DD∗ [17]. We know that res-
onances observed in the elastic scattering are usually produced by a process where two
mesons scatter into one meson. The 2-to-1 meson-meson scattering includes ππ → ρ,
ππ → f0(980), πK → K∗, KK¯ → φ, πη → a0(980), πρ → a1(1260), πD → D∗, and so
on. Since some resonances like f0(980), a0(980), and a1(1260) are not quark-antiquark
states, we do not study ππ → f0(980), πη → a0(980), πρ → a1(1260), etc. in the
present work. The reactions ππ → ρ and πK → K∗ have been studied in Ref. [19] via
a process where a quark in an initial meson and an antiquark in another initial meson
annihilate into a gluon and subsequently the gluon is absorbed by the other antiquark
or quark, and the resulting cross sections in vacuum agree with empirical data. Since
these two reactions also take place in hadronic matter that is created in ultrarelativis-
tic heavy-ion collisions at the Relativistic Heavy Ion Collider and at the Large Hadron
Collider, the dependence of cross sections for the two reactions on the temperature of
hadronic matter has also been investigated. With increasing temperature the cross sec-
tions decrease. In the present work we consider the reactions: KK¯ → φ, πD → D∗,
πD¯ → D¯∗, DD¯ → ψ(4160), D∗D¯ → ψ(4160), DD¯∗ → ψ(4160), D∗D¯∗ → ψ(4160),
D+s D
−
s → ψ(4160), D∗+s D−s → ψ(4160), D+s D∗−s → ψ(4160), DD¯ → ψ(4415), D∗D¯ →
ψ(4415), DD¯∗ → ψ(4415), D∗D¯∗ → ψ(4415), D+s D−s → ψ(4415), D∗+s D−s → ψ(4415),
D+s D
∗−
s → ψ(4415), and D∗+s D∗−s → ψ(4415). Both ψ(4160) and ψ(4415) consist of a
quark and an antiquark [20,21]. All these reactions are governed by the strong interaction.
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The reaction KK¯ → φ was studied in Ref. [22] in a mesonic model. The fifteen reactions
that lead to ψ(4160) or ψ(4415) as a final state have not been studied theoretically. Now
we study KK¯ → φ, πD → D∗, πD¯ → D¯∗, and the fifteen reactions using quark degrees of
freedom. The production of J/ψ is a subject intensively studied in relativistic heavy-ion
collisions. The ψ(4160) and ψ(4415) mesons may decay into the J/ψ meson. Through
this decay the fifteen reactions add a contribution to the J/ψ production in relativistic
heavy-ion collisions. This is another reason why we study the fifteen reactions here.
This paper is organized as follows. In Sect. II we consider four Feynman diagrams
and the S-matrix element for 2-to-1 meson-meson scattering, derive transition ampli-
tudes and provide cross-section formulas. In Sect. III we present transition potentials
corresponding to the Feynman diagrams and calculate flavor matrix elements and spin
matrix elements. In Sect. IV we calculate cross sections, present numerical results and
give relevant discussions. In Sect. V we summarize the present work.
II. FORMALISM
Lowest-order Feynman diagrams are shown in Fig. 1 for the reaction A(q1q¯1) +
B(q2q¯2) → H(q2q¯1 or q1q¯2). A quark in an initial meson and an antiquark in the other
initial meson annihilate into a gluon, and the gluon is then absorbed by a spectator quark
or antiquark. The four processes q1 + q¯2 + q¯1 → q¯1, q1 + q¯2 + q2 → q2, q2 + q¯1 + q1 → q1,
and q2 + q¯1 + q¯2 → q¯2 in Fig. 1 give rise to the four transition potentials Vrq1q¯2q¯1, Vrq1q¯2q2,
Vrq2q¯1q1, and Vrq2q¯1q¯2, respectively. Denote by Ei and ~Pi (Ef and ~Pf) the total energy and
the total momentum of the two initial (final) mesons, respectively; let EA (EB, EH) be
the energy of meson A (B, H), and V the volume where every meson wave function is
normalized. The S-matrix element for A+B → H is
Sfi = δfi − 2πiδ(Ef −Ei)(< H | Vrq1q¯2q¯1 | A,B > + < H | Vrq1q¯2q2 | A,B >
+ < H | Vrq2q¯1q1 | A,B > + < H | Vrq2q¯1q¯2 | A,B >)
= δfi − (2π)4iδ(Ef −Ei)δ3(~Pf − ~Pi)Mrq1q¯2q¯1 +Mrq1q¯2q2 +Mrq2q¯1q1 +Mrq2q¯1q¯2
V
3
2
√
2EA2EB2EH
,(1)
where in the four processes mesons A and B go from the state vector | A,B > to the
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state vector | H > of meson H , and Mrq1q¯2q¯1, Mrq1q¯2q2, Mrq2q¯1q1, and Mrq2q¯1q¯2 are the
transition amplitudes given by
Mrq1q¯2q¯1 =
√
2EA2EB2EH
∫
d~rq1q¯1d~rq2q¯2ψ
+
HVrq1q¯2q¯1ψABe
i~pq1q¯1,q2 q¯2 ·~rq1q¯1,q2 q¯2 , (2)
Mrq1q¯2q2 =
√
2EA2EB2EH
∫
d~rq1q¯1d~rq2q¯2ψ
+
HVrq1q¯2q2ψABe
i~pq1q¯1,q2 q¯2 ·~rq1q¯1,q2 q¯2 , (3)
Mrq2q¯1q1 =
√
2EA2EB2EH
∫
d~rq1q¯1d~rq2q¯2ψ
+
HVrq2q¯1q1ψABe
i~pq1q¯1,q2 q¯2 ·~rq1q¯1,q2 q¯2 , (4)
Mrq2q¯1q¯2 =
√
2EA2EB2EH
∫
d~rq1q¯1d~rq2q¯2ψ
+
HVrq2q¯1q¯2ψABe
i~pq1q¯1,q2 q¯2 ·~rq1q¯1,q2 q¯2 , (5)
where ~rab is the relative coordinate of constituents a and b; ~rq1q¯1,q2q¯2 the relative coordinate
of q1q¯1 and q2q¯2; ~pq1q¯1,q2q¯2 the relative momentum of q1q¯1 and q2q¯2; ψ
+
H the Hermitean
conjugate of ψH . The wave function of mesons A and B is
ψAB = φArelφBrelφAcolorφBcolorχSASAzχSBSBzϕABflavor, (6)
and the wave function of meson H is
ψH = φHrelφHcolorχSHSHzφHflavor, (7)
where SA (SB, SH) is the spin of meson A (B, H) with its magnetic projection quantum
number SAz (SBz, SHz); φArel (φBrel, φHrel), φAcolor (φBcolor, φHcolor), and χSASAz (χSBSBz ,
χSHSHz) are the quark-antiquark relative-motion wave function, the color wave function,
and the spin wave function of meson A (B, H), respectively; φHflavor and ϕABflavor are the
flavor wave functions of meson H and of mesons A and B, respectively.
The development in spherical harmonics of the relative-motion wave function of mesons
A and B (aside from a normalization constant) is given by
ei~pq1 q¯1,q2 q¯2 ·~rq1q¯1,q2 q¯2 = 4π
∞∑
Li=0
Li∑
Mi=−Li
iLijLi(| ~pq1q¯1,q2q¯2 | rq1q¯1,q2q¯2)
Y ∗LiMi(pˆq1q¯1,q2q¯2)YLiMi(rˆq1q¯1,q2q¯2), (8)
where YLiMi are the spherical harmonics with the orbital-angular-momentum quantum
number Li and the magnetic projection quantum number Mi, jLi are the spherical Bessel
functions, and pˆq1q¯1,q2q¯2 (rˆq1q¯1,q2q¯2) denote the polar angles of ~pq1q¯1,q2q¯2 (~rq1q¯1,q2q¯2). Let χSSz
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stand for the spin wave function of mesons A and B, which has the total spin S and
its z component Sz. The Clebsch-Gordan coefficients (SASAzSBSBz|SSz) couple χSSz to
χSASAzχSBSBz ,
χSASAzχSBSBz =
Smax∑
S=Smin
S∑
Sz=−S
(SASAzSBSBz|SSz)χSSz , (9)
where Smin =| SA − SB | and Smax = SA + SB. YLiMi and χSSz are coupled to the wave
function φinJJz which has the total angular momentum J of mesons A and B and its z
component Jz,
YLiMiχSSz =
Jmax∑
J=Jmin
J∑
Jz=−J
(LiMiSSz|JJz)φinJJz , (10)
where Jmin =| Li − S |, Jmax = Li + S, and (LiMiSSz|JJz) are the Clebsch-Gordan
coefficients. It follows from Eqs. (8)-(10) that the transition amplitude given in Eq. (2)
becomes
Mrq1q¯2q¯1 =
√
2EA2EB2EH4π
∞∑
Li=0
Li∑
Mi=−Li
iLiY ∗LiMi(pˆq1q¯1,q2q¯2)φ
+
Hcolorφ
+
Hflavor
∫
d3rq1q¯1d
3rq2q¯2φ
+
JHJHz
Vrq1q¯2q¯1
Smax∑
S=Smin
S∑
Sz=−S
(SASAzSBSBz|SSz)
Jmax∑
J=Jmin
J∑
Jz=−J
(LiMiSSz|JJz)φinJJzjLi(|~pq1q¯1,q2q¯2|rq1q¯1,q2q¯2)
φArelφBrelφAcolorφBcolorϕABflavor, (11)
where φJHJHz = φHrelχSHSHz . Conservation of total angular momentum implies that J
equals the total angular momentum JH of meson H and Jz equals the z component JHz
of JH . This leads to
Mrq1q¯2q¯1 =
√
2EA2EB2EH4π
∞∑
Li=0
Li∑
Mi=−Li
iLiY ∗LiMi(pˆq1q¯1,q2q¯2)φ
+
Hcolorφ
+
Hflavor
∫
d3rq1q¯1d
3rq2q¯2φ
+
JHJHz
Vrq1q¯2q¯1
Smax∑
S=Smin
S∑
Sz=−S
(SASAzSBSBz|SSz)
(LiMiSSz|JHJHz)φinJHJHzjLi(|~pq1q¯1,q2q¯2|rq1q¯1,q2q¯2)
φArelφBrelφAcolorφBcolorϕABflavor. (12)
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Using the relation
φinJHJHz =
Li∑
M¯i=−Li
S∑
S¯z=−S
(LiM¯iSS¯z|JHJHz)YLiM¯iχSS¯z , (13)
where (LiM¯iSS¯z|JHJHz) are the Clebsch-Gordan coefficients, we get
Mrq1q¯2q¯1 =
√
2EA2EB2EH4π
Smax∑
S=Smin
S∑
Sz=−S
(SASAzSBSBz|SSz)
∞∑
Li=0
Li∑
Mi=−Li
iLi
Y ∗LiMi(pˆq1q¯1,q2q¯2)(LiMiSSz|JHJHz)
Li∑
M¯i=−Li
S∑
S¯z=−S
(LiM¯iSS¯z|JHJHz)
φ+Hcolorφ
+
Hflavor
∫
d3rq1q¯1d
3rq2q¯2φ
+
JHJHz
Vrq1q¯2q¯1jLi(|~pq1q¯1,q2q¯2|rq1q¯1,q2q¯2)
YLiM¯i(rˆq1q¯1,q2q¯2)φArelφBrelχSS¯zφAcolorφBcolorϕABflavor. (14)
Furthermore, we need the identity
jl(pr)Ylm(rˆ) =
∫
d3p′
(2π)3
2π2
p2
δ(p− p′)il(−1)lYlm(pˆ′)ei~p ′·~r, (15)
which is obtained with the help of
∫∞
0
jl(pr)jl(p
′r)r2dr = π
2p2
δ(p−p′) [23,24]. Substituting
Eq. (15) in Eq. (14), we get
Mrq1q¯2q¯1 =
√
2EA2EB2EH4π
Smax∑
S=Smin
S∑
Sz=−S
(SASAzSBSBz|SSz)
∞∑
Li=0
Li∑
Mi=−Li
iLi
Y ∗LiMi(pˆq1q¯1,q2q¯2)(LiMiSSz|JHJHz)
Li∑
M¯i=−Li
S∑
S¯z=−S
(LiM¯iSS¯z|JHJHz)
φ+Hcolorφ
+
Hflavor
∫
d3pirm
(2π)3
2π2
~p 2q1q¯1,q2q¯2
δ(|~pq1q¯1,q2q¯2| − |~pirm|)iLi(−1)Li
YLiM¯i(pˆirm)
∫
d3rq1q¯1d
3rq2q¯2φ
+
JHJHz
Vrq1q¯2q¯1e
i~pirm·~rq1 q¯1,q2 q¯2
φArelφBrelχSS¯zφAcolorφBcolorϕABflavor. (16)
Let ~rc and mc be the position vector and the mass of constituent c, respectively.
Then φArel, φBrel, and φHrel are functions of the relative coordinate of the quark and the
antiquark. We take the Fourier transform of Vrq1q¯2q¯1 and the mesonic quark-antiquark
relative-motion wave functions:
Vrq1q¯2q¯1(~rq¯1 − ~rq1) =
∫
d3k
(2π)3
Vrq1q¯2q¯1(
~k)ei
~k·(~rq¯1−~rq1 ), (17)
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φArel(~rq1q¯1) =
∫
d3pq1q¯1
(2π)3
φArel(~pq1q¯1)e
i~pq1 q¯1 ·~rq1 q¯1 , (18)
φBrel(~rq2q¯2) =
∫
d3pq2q¯2
(2π)3
φBrel(~pq2q¯2)e
i~pq2 q¯2 ·~rq2q¯2 , (19)
φJHJHz(~rq2q¯1) =
∫
d3pq2q¯1
(2π)3
φJHJHz(~pq2q¯1)e
i~pq2 q¯1 ·~rq2q¯1 , (20)
for the two upper diagrams in Fig. 1, and
φJHJHz(~rq1q¯2) =
∫
d3pq1q¯2
(2π)3
φJHJHz(~pq1q¯2)e
i~pq1 q¯2 ·~rq1q¯2 , (21)
for the two lower diagrams. In Eq. (17) ~k is the gluon momentum, and in Eqs. (18)-(21)
~pab is the relative momentum of constituents a and b. The spherical polar coordinates
of ~pirm are expressed as (| ~pirm |, θirm, φirm). The mesonic quark-antiquark relative-motion
wave functions in momentum space are normalized as
∫
d3pq1q¯1
(2π)3
φ+Arel(~pq1q¯1)φArel(~pq1q¯1) = 1,
∫
d3pq2q¯2
(2π)3
φ+Brel(~pq2q¯2)φBrel(~pq2q¯2) = 1,∫
d3pq2q¯1
(2π)3
φ+Hrel(~pq2q¯1)φHrel(~pq2q¯1) = 1,∫
d3pq1q¯2
(2π)3
φ+Hrel(~pq1q¯2)φHrel(~pq1q¯2) = 1.
Integration over | ~pirm |, ~rq1q¯1, and ~rq2q¯2 yields
Mrq1q¯2q¯1 =
√
2EA2EB2EH
Smax∑
S=Smin
S∑
Sz=−S
(SASAzSBSBz|SSz)
∞∑
Li=0
Li∑
Mi=−Li
Y ∗LiMi(pˆq1q¯1,q2q¯2)(LiMiSSz|JHJHz)
Li∑
M¯i=−Li
S∑
S¯z=−S
(LiM¯iSS¯z|JHJHz)
φ+Hcolorφ
+
Hflavor
∫
dθirmdφirm sin θirmYLiM¯i(pˆirm)∫
d3pq1q¯1
(2π)3
∫
d3pq2q¯2
(2π)3
φ+JHJHz(~pq2q¯2 −
mq2
mq2 +mq¯2
~pirm)Vrq1q¯2q¯1
[~pq1q¯1 − ~pq2q¯2 + (
mq2
mq2 +mq¯2
− mq¯1
mq1 +mq¯1
)~pirm]
φArel(~pq1q¯1)φBrel(~pq2q¯2)χSS¯zφAcolorφBcolorϕABflavor, (22)
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in which | ~pirm |=| ~pq1q¯1,q2q¯2 |. So far, we have obtained a new expression of the transition
amplitude from Eq. (2).
Making use of the Fourier transform of Vrq1q¯2q2, Vrq2q¯1q1 , and Vrq2q¯1q¯2 ,
Vrq1q¯2q2(~rq2 − ~rq¯2) =
∫
d3k
(2π)3
Vrq1q¯2q2(
~k)ei
~k·(~rq2−~rq¯2 ), (23)
Vrq2q¯1q1(~rq1 − ~rq¯1) =
∫
d3k
(2π)3
Vrq2q¯1q1(
~k)ei
~k·(~rq1−~rq¯1 ), (24)
Vrq2q¯1q¯2(~rq¯2 − ~rq2) =
∫
d3k
(2π)3
Vrq2q¯1q¯2(
~k)ei
~k·(~rq¯2−~rq2 ), (25)
from Eqs. (3)-(5) we obtain
Mrq1q¯2q2 =
√
2EA2EB2EH
Smax∑
S=Smin
S∑
Sz=−S
(SASAzSBSBz|SSz)
∞∑
Li=0
Li∑
Mi=−Li
Y ∗LiMi(pˆq1q¯1,q2q¯2)(LiMiSSz|JHJHz)
Li∑
M¯i=−Li
S∑
S¯z=−S
(LiM¯iSS¯z|JHJHz)
φ+Hcolorφ
+
Hflavor
∫
dθirmdφirm sin θirmYLiM¯i(pˆirm)∫
d3pq1q¯1
(2π)3
∫
d3pq2q¯2
(2π)3
φ+JHJHz(~pq1q¯1 −
mq¯1
mq1 +mq¯1
~pirm)Vrq1q¯2q2
[~pq1q¯1 − ~pq2q¯2 + (
mq2
mq2 +mq¯2
− mq¯1
mq1 +mq¯1
)~pirm]
φArel(~pq1q¯1)φBrel(~pq2q¯2)χSS¯zφAcolorφBcolorϕABflavor, (26)
Mrq2q¯1q1 =
√
2EA2EB2EH
Smax∑
S=Smin
S∑
Sz=−S
(SASAzSBSBz|SSz)
∞∑
Li=0
Li∑
Mi=−Li
Y ∗LiMi(pˆq1q¯1,q2q¯2)(LiMiSSz|JHJHz)
Li∑
M¯i=−Li
S∑
S¯z=−S
(LiM¯iSS¯z|JHJHz)
φ+Hcolorφ
+
Hflavor
∫
dθirmdφirm sin θirmYLiM¯i(pˆirm)∫
d3pq1q¯1
(2π)3
∫
d3pq2q¯2
(2π)3
φ+JHJHz(~pq2q¯2 +
mq¯2
mq2 +mq¯2
~pirm)Vrq2q¯1q1
[−~pq1q¯1 + ~pq2q¯2 + (
mq¯2
mq2 +mq¯2
− mq1
mq1 +mq¯1
)~pirm]
φArel(~pq1q¯1)φBrel(~pq2q¯2)χSS¯zφAcolorφBcolorϕABflavor, (27)
Mrq2q¯1q¯2 =
√
2EA2EB2EH
Smax∑
S=Smin
S∑
Sz=−S
(SASAzSBSBz|SSz)
∞∑
Li=0
Li∑
Mi=−Li
8
Y ∗LiMi(pˆq1q¯1,q2q¯2)(LiMiSSz|JHJHz)
Li∑
M¯i=−Li
S∑
S¯z=−S
(LiM¯iSS¯z|JHJHz)
φ+Hcolorφ
+
Hflavor
∫
dθirmdφirm sin θirmYLiM¯i(pˆirm)∫
d3pq1q¯1
(2π)3
∫
d3pq2q¯2
(2π)3
φ+JHJHz(~pq1q¯1 +
mq1
mq1 +mq¯1
~pirm)Vrq2q¯1q¯2
[−~pq1q¯1 + ~pq2q¯2 + (
mq¯2
mq2 +mq¯2
− mq1
mq1 +mq¯1
)~pirm]
φArel(~pq1q¯1)φBrel(~pq2q¯2)χSS¯zφAcolorφBcolorϕABflavor. (28)
With these transition amplitudes the unpolarized cross section for A+B → H is
σunpol =
πδ(Ef − Ei)
4
√
(PA · PB)2 −m2Am2BEH
1
(2JA + 1)(2JB + 1)∑
JAzJBzJHz
| Mrq1q¯2q¯1 +Mrq1q¯2q2 +Mrq2q¯1q1 +Mrq2q¯1q¯2 |2, (29)
where PA, mA, and JA (PB, mB, and JB) are the four-momentum, the mass, and the total
angular momentum of meson A (B), respectively. We calculate the cross section in the
center-of-mass frame of the two initial mesons, i.e., with meson H at rest.
III. FLAVOR AND SPIN MATRIX ELEMENTS
Let pc be the four-momentum of constituent c. The two upper diagrams give q1(pq1)+
q¯1(pq¯1)+q2(pq2)+ q¯2(pq¯2)→ q¯1(p′q¯1)+q2(p′q2), and the two lower diagrams q1(pq1)+ q¯1(pq¯1)+
q2(pq2) + q¯2(pq¯2) → q1(p′q1) + q¯2(p′q¯2). The transition potentials Vrq1q¯2q¯1, Vrq1q¯2q2, Vrq2q¯1q1,
and Vrq2q¯1q¯2 are expressed as
Vrq1q¯2q¯1(
~k) = −
~λ(1)
2
·
~λ(21)
2
g2s
k2
(
~σ(21) · ~k
2mq1
−~σ(1) · ~pq¯1~σ(1) · ~σ(21) + ~σ(1) · ~σ(21)~σ(1) · ~p
′
q¯1
2mq¯1
)
, (30)
Vrq1q¯2q2(
~k) =
~λ(2)
2
·
~λ(21)
2
g2s
k2
(
~σ(21) · ~k
2mq1
−~σ(2) · ~σ(21)~σ(2) · ~pq2 + ~σ(2) · ~p
′
q2
~σ(2) · ~σ(21)
2mq2
)
, (31)
Vrq2q¯1q1(
~k) =
~λ(1)
2
·
~λ(12)
2
g2s
k2
(
~σ(12) · ~k
2mq2
9
−~σ(1) · ~σ(12)~σ(1) · ~pq1 + ~σ(1) · ~p
′
q1~σ(1) · ~σ(12)
2mq1
)
, (32)
Vrq2q¯1q¯2(
~k) = −
~λ(2)
2
·
~λ(12)
2
g2s
k2
(
~σ(12) · ~k
2mq2
−~σ(2) · ~pq¯2~σ(2) · ~σ(12) + ~σ(2) · ~σ(12)~σ(2) · ~p
′
q¯2
2mq¯2
)
, (33)
where gs is the gauge coupling constant, k the gluon four-momentum, ~λ the Gell-Mann
matrices, and ~σ the Pauli matrices. In Eqs. (30) and (31), ~λ(21) (~σ(21)) mean that
they have matrix elements between the color (spin) wave functions of initial antiquark q¯2
and initial quark q1. In Eqs. (32) and (33), ~λ(12) (~σ(12)) mean that they have matrix
elements between the color (spin) wave functions of initial antiquark q¯1 and initial quark
q2. In Eqs. (30) and (33), ~λ(1) and ~λ(2) (~σ(1) and ~σ(2)) mean that they have matrix
elements between the color (spin) wave functions of the initial antiquark and the final
antiquark. In Eqs. (31) and (32), ~λ(2) and ~λ(1) (~σ(2) and ~σ(1)) mean that they have
matrix elements between the color (spin) wave functions of the final quark and the initial
quark.
We use the notation K =

 K+
K0

, K¯ =

 K¯0
K−

, K∗ =

 K∗+
K∗0

, K¯∗ =

 K¯∗0
K∗−

, D =

 D+
D0

, D¯ =

 D¯0
D−

, D∗ =

 D∗+
D∗0

, and D¯∗ =

 D¯∗0
D∗−

.
Based on the formulas in Sect. II, we study the following reactions:
KK¯ → φ, πD → D∗, πD¯ → D¯∗,
DD¯ → ψ(4160), D∗D¯ → ψ(4160), DD¯∗ → ψ(4160), D∗D¯∗ → ψ(4160),
D+s D
−
s → ψ(4160), D∗+s D−s → ψ(4160), D+s D∗−s → ψ(4160),
DD¯ → ψ(4415), D∗D¯ → ψ(4415), DD¯∗ → ψ(4415), D∗D¯∗ → ψ(4415),
D+s D
−
s → ψ(4415), D∗+s D−s → ψ(4415), D+s D∗−s → ψ(4415), D∗+s D∗−s → ψ(4415).
From the Gell-Mann matrices and the Pauli matrices in the transition potentials, the
expressions of the transition amplitudes in Eqs. (22) and (26)-(28) involve color matrix
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elements, flavor matrix elements, and spin matrix elements for the above reactions. The
color matrix elements in Mrq1q¯2q¯1, Mrq1q¯2q2, Mrq2q¯1q1, and Mrq2q¯1q¯2 are - 43√3 , 43√3 , 43√3 ,
and - 4
3
√
3
, respectively. While we calculate the flavor matrix elements, we keep the total
isospin of the two initial mesons the same as the isospin of the final meson. The fla-
vor matrix element MfKK¯→φ (MfπD→D∗, MfDD¯→ψ(4160), MfD+s D−s →ψ(4160)) for KK¯ → φ
(πD → D∗, DD¯ → ψ(4160), D+s D−s → ψ(4160)) is shown in Table 1. The flavor matrix
element for πD¯ → D¯∗ equalsMfπD→D∗. The flavor matrix elements for D∗D¯ → ψ(4160),
DD¯∗ → ψ(4160), D∗D¯∗ → ψ(4160), DD¯ → ψ(4415), D∗D¯ → ψ(4415), DD¯∗ → ψ(4415),
and D∗D¯∗ → ψ(4415) are the same as MfDD¯→ψ(4160). The flavor matrix elements for
D∗+s D
−
s → ψ(4160), D+s D∗−s → ψ(4160), D+s D−s → ψ(4415), D∗+s D−s → ψ(4415),
D+s D
∗−
s → ψ(4415), and D∗+s D∗−s → ψ(4415) equal MfD+s D−s →ψ(4160). The flavor matrix
elements for KK¯ → φ, πD → D∗, and πD¯ → D¯∗ are zero for the two lower diagrams, and
the ones for the production of ψ(4160) and ψ(4415) are zero for the two upper diagrams.
Hence, every reaction receives contributions only from two Feynman diagrams.
Now we give the spin matrix elements. Let Prq1q¯2q¯1i with i = 0, · · ·, and 15 stand
for 1, σ1(21), σ2(21), σ3(21), σ1(1), σ2(1), σ3(1), σ1(21)σ1(1), σ1(21)σ2(1), σ1(21)σ3(1),
σ2(21)σ1(1), σ2(21)σ2(1), σ2(21)σ3(1), σ3(21)σ1(1), σ3(21)σ2(1), and σ3(21)σ3(1), respec-
tively. Let Prq1q¯2q2i with i = 0, · · ·, and 15 correspond to 1, σ1(21), σ2(21), σ3(21), σ1(2),
σ2(2), σ3(2), σ1(21)σ1(2), σ1(21)σ2(2), σ1(21)σ3(2), σ2(21)σ1(2), σ2(21)σ2(2), σ2(21)σ3(2),
σ3(21)σ1(2), σ3(21)σ2(2), and σ3(21)σ3(2), respectively. Let Prq2q¯1q1i with i = 0, · · ·,
and 15 represent 1, σ1(12), σ2(12), σ3(12), σ1(1), σ2(1), σ3(1), σ1(12)σ1(1), σ1(12)σ2(1),
σ1(12)σ3(1), σ2(12)σ1(1), σ2(12)σ2(1), σ2(12)σ3(1), σ3(12)σ1(1), σ3(12)σ2(1), and σ3(12)
σ3(1), respectively. Let Prq2q¯1q¯2i with i = 0, · · ·, and 15 denote 1, σ1(12), σ2(12), σ3(12),
σ1(2), σ2(2), σ3(2), σ1(12)σ1(2), σ1(12)σ2(2), σ1(12)σ3(2), σ2(12)σ1(2), σ2(12)σ2(2), σ2(12)
σ3(2), σ3(12)σ1(2), σ3(12)σ2(2), and σ3(12)σ3(2), respectively. Set nA as -1, 0, or 1, and
nB as -1, 0, or 1. In order to easily tabulate values of the spin matrix elements, we
define φiss(SA, SAz;SB, SBz) ≡ χSASAzχSBSBz and φfss(SH , SHz) ≡ χSHSHz . The spin ma-
trix elements φ+fss(SH , SHz)Prq1q¯2q¯1iφiss(SA, SAz;SB, SBz) are shown in Tables 2-6. Other
spin matrix elements, φ+fss(SH , SHz)Prq1q¯2q2iφiss(SA, SAz;SB, SBz), φ
+
fss(SH , SHz) Prq2q¯1q1i
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φiss(SA, SAz;SB, SBz), and φ
+
fss(SH , SHz) Prq2q¯1q¯2i φiss(SA, SAz; SB, SBz), are related to
φ+fss(SH , SHz)Prq1q¯2q¯1iφiss(SA, SAz;SB, SBz) by the following equations:
φ+fss(SH = 1, SHz)Prq1q¯2q2iφiss(SA = 1, SAz = nA;SB = 0, SBz = 0)
= φ+fss(SH = 1, SHz)Prq1q¯2q¯1iφiss(SA = 0, SAz = 0;SB = 1, SBz = nA), (34)
with i = 2, 5, 8, 10, 12, and 14;
φ+fss(SH = 1, SHz)Prq1q¯2q2iφiss(SA = 1, SAz = nA;SB = 0, SBz = 0)
= −φ+fss(SH = 1, SHz)Prq1q¯2q¯1iφiss(SA = 0, SAz = 0;SB = 1, SBz = nA), (35)
with i = 0, 1, 3, 4, 6, 7, 9, 11, 13, and 15;
φ+fss(SH = 1, SHz)Prq1q¯2q2iφiss(SA = 0, SAz = 0;SB = 1, SBz = nB)
= φ+fss(SH = 1, SHz)Prq1q¯2q¯1iφiss(SA = 1, SAz = nB;SB = 0, SBz = 0), (36)
with i = 2, 5, 8, 10, 12, and 14;
φ+fss(SH = 1, SHz)Prq1q¯2q2iφiss(SA = 0, SAz = 0;SB = 1, SBz = nB)
= −φ+fss(SH = 1, SHz)Prq1q¯2q¯1iφiss(SA = 1, SAz = nB;SB = 0, SBz = 0), (37)
with i = 0, 1, 3, 4, 6, 7, 9, 11, 13, and 15;
φ+fss(SH = 1, SHz)Prq1q¯2q2iφiss(SA = 1, SAz = nA;SB = 1, SBz = nB)
= φ+fss(SH = 1, SHz)Prq1q¯2q¯1iφiss(SA = 1, SAz = nB;SB = 1, SBz = nA), (38)
with i = 0, 1, 3, 4, 6, 7, 9, 11, 13, and 15;
φ+fss(SH = 1, SHz)Prq1q¯2q2iφiss(SA = 1, SAz = nA;SB = 1, SBz = nB)
= −φ+fss(SH = 1, SHz)Prq1q¯2q¯1iφiss(SA = 1, SAz = nB;SB = 1, SBz = nA), (39)
with i = 2, 5, 8, 10, 12, and 14;
φ+fss(SH = 1, SHz)Prq2q¯1q1iφiss(SA = 1, SAz = nA;SB = 0, SBz = 0)
= φ+fss(SH = 1, SHz)Prq1q¯2q¯1iφiss(SA = 1, SAz = nA;SB = 0, SBz = 0), (40)
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with i = 2, 5, 8, 10, 12, and 14;
φ+fss(SH = 1, SHz)Prq2q¯1q1iφiss(SA = 1, SAz = nA;SB = 0, SBz = 0)
= −φ+fss(SH = 1, SHz)Prq1q¯2q¯1iφiss(SA = 1, SAz = nA;SB = 0, SBz = 0), (41)
with i = 0, 1, 3, 4, 6, 7, 9, 11, 13, and 15;
φ+fss(SH = 1, SHz)Prq2q¯1q1iφiss(SA = 0, SAz = 0;SB = 1, SBz = nB)
= φ+fss(SH = 1, SHz)Prq1q¯2q¯1iφiss(SA = 0, SAz = 0;SB = 1, SBz = nB), (42)
with i = 2, 5, 8, 10, 12, and 14;
φ+fss(SH = 1, SHz)Prq2q¯1q1iφiss(SA = 0, SAz = 0;SB = 1, SBz = nB)
= −φ+fss(SH = 1, SHz)Prq1q¯2q¯1iφiss(SA = 0, SAz = 0;SB = 1, SBz = nB), (43)
with i = 0, 1, 3, 4, 6, 7, 9, 11, 13, and 15;
φ+fss(SH = 1, SHz)Prq2q¯1q1iφiss(SA = 1, SAz = nA;SB = 1, SBz = nB)
= φ+fss(SH = 1, SHz)Prq1q¯2q¯1iφiss(SA = 1, SAz = nA;SB = 1, SBz = nB), (44)
with i = 0, 1, 3, 4, 6, 7, 9, 11, 13, and 15;
φ+fss(SH = 1, SHz)Prq2q¯1q1iφiss(SA = 1, SAz = nA;SB = 1, SBz = nB)
= −φ+fss(SH = 1, SHz)Prq1q¯2q¯1iφiss(SA = 1, SAz = nA;SB = 1, SBz = nB), (45)
with i = 2, 5, 8, 10, 12, and 14;
φ+fss(SH = 1, SHz)Prq2q¯1q¯2iφiss(SA = 1, SAz = nA;SB = 0, SBz = 0)
= φ+fss(SH = 1, SHz)Prq1q¯2q¯1iφiss(SA = 0, SAz = 0;SB = 1, SBz = nA), (46)
with i = 0, · · ·, and 15;
φ+fss(SH = 1, SHz)Prq2q¯1q¯2iφiss(SA = 0, SAz = 0;SB = 1, SBz = nB)
= φ+fss(SH = 1, SHz)Prq1q¯2q¯1iφiss(SA = 1, SAz = nB;SB = 0, SBz = 0), (47)
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with i = 0, · · ·, and 15;
φ+fss(SH = 1, SHz)Prq2q¯1q¯2iφiss(SA = 1, SAz = nA;SB = 1, SBz = nB)
= φ+fss(SH = 1, SHz)Prq1q¯2q¯1iφiss(SA = 1, SAz = nB;SB = 1, SBz = nA), (48)
with i = 0, · · ·, and 15.
IV. NUMERICAL CROSS SECTIONS AND DISCUSSIONS
The mesonic quark-antiquark relative-motion wave functions φArel, φBrel, and φHrel in
Eqs. (6) and (7) are solutions of the Schro¨dinger equation with the potential between
constituents a and b in coordinate space [25],
Vab(~rab) = −
~λa
2
·
~λb
2
3
4
D
[
1.3−
(
T
Tc
)4]
tanh(Arab) +
~λa
2
·
~λb
2
6π
25
v(λrab)
rab
exp(−Erab)
−
~λa
2
·
~λb
2
16π2
25
d3
π3/2
exp(−d2r2ab)
~sa · ~sb
mamb
+
~λa
2
·
~λb
2
4π
25
1
rab
d2v(λrab)
dr2ab
~sa · ~sb
mamb
,(49)
where D = 0.7 GeV, E = 0.6 GeV, Tc = 0.175 GeV, A = 1.5[0.75 + 0.25(T/Tc)
10]6 GeV,
and λ =
√
25/16π2α′ with α′ = 1.04 GeV−2; T is the temperature; ~sa is the spin of
constituent a; the quantity d is given in Ref. [25]; the function v is given by Buchmu¨ller
and Tye in Ref. [20]. The potential is obtained from perturbative QCD [20] and lattice
QCD [26]. The masses of the up quark, the down quark, the strange quark, and the
charm quark are 0.32 GeV, 0.32 GeV, 0.5 GeV, and 1.51 GeV, respectively. Solving the
Schro¨dinger equation with the potential at zero temperature, we obtain meson masses
that are close to the experimental masses of π, ρ, K, K∗, J/ψ, χc, ψ′, ψ(4160), ψ(4415),
D, D∗, Ds, and D∗s mesons [27]. Moreover, the experimental data of S-wave and P -
wave elastic phase shifts for ππ scattering in vacuum [28, 29] are reproduced in the Born
approximation [5, 25].
From the transition potentials, the color matrix elements, the flavor matrix elements,
the spin matrix elements, and the mesonic quark-antiquark relative-motion wave func-
tions, we calculate the transition amplitudes. As seen in Eq. (8), the development in
spherical harmonics contains the summation over the orbital-angular-momentum quan-
tum number Li that labels the relative motion between mesons A and B. However,
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not all orbital-angular-momentum quantum numbers are allowed. The orbital-angular-
momentum quantum numbers are selected to satisfy parity conservation and J = JH , i.e.,
the total angular momentum of the two initial mesons equals the total angular momen-
tum of meson H . The choice of Li thus depends on the total spin S of the two initial
mesons. From the transition amplitudes we get unpolarized cross sections at zero temper-
ature. The selected orbital-angular-momentum quantum numbers and the cross sections
are shown in Table 7. D∗D¯∗ → ψ(4160), D∗D¯∗ → ψ(4415), and D∗+s D∗−s → ψ(4415)
allow S = 0, S = 1, and S = 2. Including contributions from S = 0, S = 1, and S = 2,
the cross sections for the three reactions are 19.83 mb, 0.14 mb, and 1.8 mb, respectively.
In Table 7 the cross section for KK¯ → φ equals 5.96 mb. The magnitude 5.96 mb is
slightly larger than the peak cross section of KK¯ → K∗K¯∗ for total isospin I = 0 at zero
temperature, and is roughly 5 times the peak cross section of KK¯ → K∗K¯∗ for I = 1 in
Ref. [5]. The case KK¯ → K∗K¯∗ may be caused by a process where a quark in an initial
meson and an antiquark in another initial meson annihilate into a gluon and subsequently
the gluon creates another quark-antiquark pair. The magnitude is much larger than the
peak cross sections of KK¯ → πKK¯ for I=1 and I f
πK¯
= 3/2 and for I=1 and I f
πK¯
= 1/2
at zero temperature in Ref. [30], where I f
πK¯
is the total isospin of the final π and K¯
mesons. The case KK¯ → πKK¯ is governed by a process where a gluon is emitted by a
constituent quark or antiquark in the initial mesons and subsequently the gluon creates
a quark-antiquark pair. The magnitude is also much larger than the peak cross section
of KK → K∗K∗ for I = 1 at zero temperature in Ref. [31]. The case KK → K∗K∗ for
I = 1 can be caused by quark interchange between the two colliding mesons. The cross
section for πD → D∗ is particularly large. This means that the reaction easily happens.
The large cross section is caused by the very small difference between the D∗ mass and
the sum of the π and D masses.
The transition potentials involve quark masses. The charm-quark mass is larger than
the strange-quark mass, and the transition potentials with the charm quark are smaller
than the ones with the strange quark. The cross section for DD¯ → ψ(4160) is thus
smaller than the one for KK¯ → φ. Because the D∗ radius is larger than the D radius,
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the cross section for D∗D¯∗ → ψ(4160) is larger than the one for D∗D¯ → ψ(4160), and
the cross section for D∗D¯ → ψ(4160) is larger than the one for DD¯ → ψ(4160). Since
D+s (the antiparticle of D
−
s ) consists of a charm quark and a strange antiquark, the cross
section for D+s D
−
s → ψ(4160) is smaller than the one for DD¯ → ψ(4160). Since the D∗±s
radii are larger than the D±s radii, the cross section for D
∗+
s D
−
s → ψ(4160) is larger than
the one for D+s D
−
s → ψ(4160). As seen in Table 7, we have the increasing order of the
cross sections for D+s D
−
s → ψ(4415), D∗+s D−s → ψ(4415), and D∗+s D∗−s → ψ(4415). The
radial part of the quark-antiquark relative-motion wave function of ψ(4415) has three
nodes. The radial wave function on the left of a node has a sign different from the one
on the right of the node. The nodes lead to cancellation between the positive radial wave
function and the negative radial wave function in the integration involved in the transition
amplitudes. Consequently, the cross section for D∗D¯∗ → ψ(4415) is much smaller than
that for D∗D¯ → ψ(4415).
The cross sections for A + B → ψ(4160) and for A + B → ψ(4415) are compared
in Table 7. Since the ψ(4160) mass is smaller than the ψ(4415) mass, the production
of ψ(4160) is easier than the production of ψ(4415). The cross section for the former
[for example, DD¯ → ψ(4160)] is larger than the cross section for the latter [for example,
DD¯ → ψ(4415)].
In the present work the ψ(4160) and ψ(4415) mesons come from fusion of D, D¯, D∗,
D¯∗, Ds, and D∗s mesons. The reason why we are interested in the reactions is that ψ(4160)
and ψ(4415) may decay into J/ψ which is an important probe of the quark-gluon plasma
produced in ultrarelativistic heavy-ion collisions. We do not investigate the χc0(2P ) and
χc2(2P ) mesons because they cannot decay into the J/ψ meson. The χc1(2P ) meson may
decay into the J/ψ meson, but DD¯ → χc1(2P ) allowed by energy conservation does not
simultaneously satisfy the parity conservation and the conservation of the total angular
momentum. Therefore, we do not consider DD¯ → χc1(2P ). The production of χc1(2P )
from fusion of other charmed mesons is forbidden by energy conservation. πD±s → D∗±s is
not allowed because of violation of isospin conservation, and KD → D∗+s and K¯D¯ → D∗−s
because of violation of energy conservation.
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As seen in Eq. (49), the potential between two constituents depends on temperature.
The meson mass obtained from the Schro¨dinger equation with the potential thus depends
on temperature. The temperature dependence of meson masses is shown in Figs. 2-4.
In vacuum the φ mass is larger than two times the kaon mass, and so KK¯ → φ takes
place. Since the φ mass in Fig. 2 decreases faster than the kaon mass with increasing
temperature, the φ mass turns smaller than two times the kaon mass. The reaction thus
does not occur in the temperature region 0.6Tc ≤ T < Tc. In Fig. 3 the D∗ mass decreases
faster than the pion and D masses, and the D∗ mass is smaller than the sum of the pion
mass and the D mass. πD → D∗ and πD¯ → D¯∗ also do not occur for 0.6Tc ≤ T < Tc. It
is shown in Refs. [20,21] that ψ(4160) and ψ(4415) can be individually interpreted as the
33S1 and 4
3S1 quark-antiquark states, but they are dissolved in hadronic matter when
the temperature is larger than 0.97Tc and 0.87Tc, respectively [32]. Their masses are thus
plotted only for 0.6Tc ≤ T < 0.97Tc and for 0.6Tc ≤ T < 0.87Tc in Fig. 4, and are
smaller than the sum of the masses of the two initial mesons that yield them. Therefore,
in hadronic matter where the temperature is constrained by 0.6Tc ≤ T < Tc, we cannot
see the production of ψ(4160) and ψ(4415) from the fusion of two charmed mesons and of
two charmed strange mesons. Tc is the critical temperature at which the phase transition
between the quark-gluon plasma and hadronic matter takes place. Since ψ(4160) and
ψ(4415) are dissolved in hadronic matter when the temperature is larger than 0.97Tc and
0.87Tc, respectively, they cannot be produced in the phase transition, but they can be
produced in the following reactions in hadronic matter:
DD¯ → ρψ(4160), ρψ(4415);
DD¯∗ → πψ(4160), ρψ(4160), ηψ(4160), πψ(4415), ρψ(4415), ηψ(4415);
D∗D¯ → πψ(4160), ρψ(4160), ηψ(4160), πψ(4415), ρψ(4415), ηψ(4415);
D∗D¯∗ → πψ(4160), ρψ(4160), ηψ(4160), πψ(4415), ρψ(4415), ηψ(4415);
D+s D¯ → K∗ψ(4160), K∗ψ(4415);
D−s D → K¯∗ψ(4160), K¯∗ψ(4415);
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D+s D¯
∗ → Kψ(4160), K∗ψ(4160), Kψ(4415), K∗ψ(4415);
D−s D
∗ → K¯ψ(4160), K¯∗ψ(4160), K¯ψ(4415), K¯∗ψ(4415);
D∗+s D¯ → Kψ(4160), K∗ψ(4160), Kψ(4415), K∗ψ(4415);
D∗−s D → K¯ψ(4160), K¯∗ψ(4160), K¯ψ(4415), K¯∗ψ(4415);
D∗+s D¯
∗ → Kψ(4160), K∗ψ(4160), Kψ(4415), K∗ψ(4415);
D∗−s D
∗ → K¯ψ(4160), K¯∗ψ(4160), K¯ψ(4415), K¯∗ψ(4415);
D+s D
−
s → φψ(4160), φψ(4415);
D+s D
∗−
s → ηψ(4160), φψ(4160), ηψ(4415), φψ(4415);
D∗+s D
−
s → ηψ(4160), φψ(4160), ηψ(4415), φψ(4415);
D∗+s D
∗−
s → ηψ(4160), φψ(4160), ηψ(4415), φψ(4415).
Therefore, ψ(4160) and ψ(4415) may provide us with information on hadronic matter,
and are a probe of hadronic matter that results from the quark-gluon plasma.
V. SUMMARY
With the process where one quark annihilates with one antiquark to create a gluon and
subsequently the gluon is absorbed by a spectator quark or antiquark, we have studied
2-to-1 meson-meson scattering. In the partial wave expansion of the relative-motion
wave function of the two initial mesons, we have obtained the new expressions of the
transition amplitudes. The orbital-angular-momentum quantum number corresponding
to the total spin of the two initial mesons is selected to satisfy parity conservation and
conservation of the total angular momentum. The flavor and spin matrix elements have
been calculated. The spin matrix elements corresponding to the four transition potentials
are presented. The mesonic quark-antiquark relative-motion wave functions are given by
the Schro¨dinger equation with the temperature-dependent potential. From the transition
amplitudes we have obtained the cross sections for the reactions: KK¯ → φ, πD → D∗,
πD¯ → D¯∗, DD¯ → ψ(4160), D∗D¯ → ψ(4160), DD¯∗ → ψ(4160), D∗D¯∗ → ψ(4160),
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D+s D
−
s → ψ(4160), D∗+s D−s → ψ(4160), D+s D∗−s → ψ(4160), DD¯ → ψ(4415), D∗D¯ →
ψ(4415), DD¯∗ → ψ(4415), D∗D¯∗ → ψ(4415), D+s D−s → ψ(4415), D∗+s D−s → ψ(4415),
D+s D
∗−
s → ψ(4415), and D∗+s D∗−s → ψ(4415). The cross sections are affected by radii of
initial mesons and quark masses that enter the transition potentials. The cross section
for KK¯ → φ is larger than the one for DD¯ → ψ(4160), but smaller than the one for
πD → D∗. Excluding D∗D¯∗ → ψ(4415), the cross section for the production of ψ(4160)
or ψ(4415) increases with the initial mesons going through the cases of DD¯ (D+s D
−
s ),
D∗D¯ (D∗+s D
−
s ), and D
∗D¯∗ (D∗+s D
∗−
s ). The ψ(4160) and ψ(4415) mesons resulting from
ultrarelativistic heavy-ion collisions have been shown to be a probe of hadronic matter
that is produced in the phase transition of the quark-gluon plasma.
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Figure 1: Reaction A + B → H . Solid lines with right (left) triangles stand for quarks
(antiquarks). Wavy lines stand for gluons.
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Figure 2: K and φ masses as functions of T/Tc.
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Figure 3: π, D, and D∗ masses as functions of T/Tc.
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Figure 4: D, D∗, Ds, D∗s , ψ(4160), and ψ(4415) masses as functions of T/Tc.
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Table 1: Flavor matrix elements.
diagram in Fig. 1 left upper right upper left lower right lower
MfKK¯→φ
√
2
√
2 0 0
MfπD→D∗ 3√6 3√6 0 0
MfDD¯→ψ(4160) 0 0 -
√
2 -
√
2
MfD+s D−s →ψ(4160) 0 0 1 1
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Table 2: Spin matrix elements in Mrq1q¯2q¯1 for A(SA = 1) +B(SB = 0)→ H(SH = 1).
SHz -1 -1 -1 0 0 0 1 1 1
SAz -1 0 1 -1 0 1 -1 0 1
SBz 0 0 0 0 0 0 0 0 0
φ+fssφiss 0 −12 0 12 0 −12 0 12 0
φ+fssσ1(21)φiss − 1√2 0 0 0 0 0 0 0 1√2
φ+fssσ2(21)φiss
i√
2
0 0 0 i√
2
0 0 0 i√
2
φ+fssσ3(21)φiss 0 −12 0 −12 0 −12 0 −12 0
φ+fssσ1(1)φiss 0 0 − 1√2 0 0 0 1√2 0 0
φ+fssσ2(1)φiss 0 0
i√
2
0 − i√
2
0 i√
2
0 0
φ+fssσ3(1)φiss 0
1
2
0 −1
2
0 −1
2
0 1
2
0
φ+fssσ1(21)σ1(1)φiss 0 −12 0 −12 0 12 0 12 0
φ+fssσ1(21)σ2(1)φiss 0
i
2
0 − i
2
0 − i
2
0 i
2
0
φ+fssσ1(21)σ3(1)φiss
1√
2
0 0 0 − 1√
2
0 0 0 1√
2
φ+fssσ2(21)σ1(1)φiss 0
i
2
0 i
2
0 i
2
0 i
2
0
φ+fssσ2(21)σ2(1)φiss 0
1
2
0 -1
2
0 1
2
0 -1
2
0
φ+fssσ2(21)σ3(1)φiss -
i√
2
0 0 0 0 0 0 0 i√
2
φ+fssσ3(21)σ1(1)φiss 0 0 − 1√2 0 − 1√2 0 − 1√2 0 0
φ+fssσ3(21)σ2(1)φiss 0 0
i√
2
0 0 0 - i√
2
0 0
φ+fssσ3(21)σ3(1)φiss 0
1
2
0 1
2
0 -1
2
0 -1
2
0
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Table 3: Spin matrix elements in Mrq1q¯2q¯1 for A(SA = 0) +B(SB = 1)→ H(SH = 1).
SHz -1 -1 -1 0 0 0 1 1 1
SAz 0 0 0 0 0 0 0 0 0
SBz -1 0 1 -1 0 1 -1 0 1
φ+fssφiss 0
1
2
0 -1
2
0 1
2
0 -1
2
0
φ+fssσ1(21)φiss
1√
2
0 0 0 0 0 0 0 - 1√
2
φ+fssσ2(21)φiss
i√
2
0 0 0 i√
2
0 0 0 i√
2
φ+fssσ3(21)φiss 0
1
2
0 1
2
0 1
2
0 1
2
0
φ+fssσ1(1)φiss − 1√2 0 0 0 0 0 0 0 1√2
φ+fssσ2(1)φiss
i√
2
0 0 0 i√
2
0 0 0 i√
2
φ+fssσ3(1)φiss 0 −12 0 −12 0 −12 0 −12 0
φ+fssσ1(21)σ1(1)φiss 0 −12 0 12 0 -12 0 12 0
φ+fssσ1(21)σ2(1)φiss 0
i
2
0 i
2
0 i
2
0 i
2
0
φ+fssσ1(21)σ3(1)φiss -
1√
2
0 0 0 − 1√
2
0 0 0 - 1√
2
φ+fssσ2(21)σ1(1)φiss 0
i
2
0 i
2
0 i
2
0 i
2
0
φ+fssσ2(21)σ2(1)φiss 0
1
2
0 -1
2
0 1
2
0 -1
2
0
φ+fssσ2(21)σ3(1)φiss -
i√
2
0 0 0 0 0 0 0 i√
2
φ+fssσ3(21)σ1(1)φiss
1√
2
0 0 0 1√
2
0 0 0 1√
2
φ+fssσ3(21)σ2(1)φiss -
i√
2
0 0 0 0 0 0 0 i√
2
φ+fssσ3(21)σ3(1)φiss 0 -
1
2
0 1
2
0 -1
2
0 1
2
0
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Table 4: Spin matrix elements in Mrq1q¯2q¯1 for A(SA = 1) + B(SB = 1) → H(SH = 1)
with SHz = −1.
SHz -1 -1 -1 -1 -1 -1 -1 -1 -1
SAz -1 -1 -1 0 0 0 1 1 1
SBz -1 0 1 -1 0 1 -1 0 1
φ+fssφiss 1 0 0 0
1
2
0 0 0 0
φ+fssσ1(21)φiss 0
1√
2
0 1√
2
0 0 0 0 0
φ+fssσ2(21)φiss 0 -
i√
2
0 i√
2
0 0 0 0 0
φ+fssσ3(21)φiss -1 0 0 0
1
2
0 0 0 0
φ+fssσ1(1)φiss 0 0 0
1√
2
0 0 0 1√
2
0
φ+fssσ2(1)φiss 0 0 0 -
i√
2
0 0 0 − i√
2
0
φ+fssσ3(1)φiss -1 0 0 0 -
1
2
0 0 0 0
φ+fssσ1(21)σ1(1)φiss 0 0 0 0
1
2
0 1 0 0
φ+fssσ1(21)σ2(1)φiss 0 0 0 0 -
i
2
0 −i 0 0
φ+fssσ1(21)σ3(1)φiss 0 -
1√
2
0 − 1√
2
0 0 0 0 0
φ+fssσ2(21)σ1(1)φiss 0 0 0 0 -
i
2
0 i 0 0
φ+fssσ2(21)σ2(1)φiss 0 0 0 0 -
1
2
0 1 0 0
φ+fssσ2(21)σ3(1)φiss 0
i√
2
0 - i√
2
0 0 0 0 0
φ+fssσ3(21)σ1(1)φiss 0 0 0 − 1√2 0 0 0 1√2 0
φ+fssσ3(21)σ2(1)φiss 0 0 0
i√
2
0 0 0 - i√
2
0
φ+fssσ3(21)σ3(1)φiss 1 0 0 0 -
1
2
0 0 0 0
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Table 5: Spin matrix elements in Mrq1q¯2q¯1 for A(SA = 1) + B(SB = 1) → H(SH = 1)
with SHz = 0.
SHz 0 0 0 0 0 0 0 0 0
SAz -1 -1 -1 0 0 0 1 1 1
SBz -1 0 1 -1 0 1 -1 0 1
φ+fssφiss 0
1
2
0 1
2
0 1
2
0 1
2
0
φ+fssσ1(21)φiss 0 0
1√
2
0 1√
2
0 1√
2
0 0
φ+fssσ2(21)φiss 0 0 -
i√
2
0 0 0 i√
2
0 0
φ+fssσ3(21)φiss 0 −12 0 −12 0 12 0 12 0
φ+fssσ1(1)φiss
1√
2
0 0 0 1√
2
0 0 0 1√
2
φ+fssσ2(1)φiss
i√
2
0 0 0 0 0 0 0 - i√
2
φ+fssσ3(1)φiss 0 -
1
2
0 1
2
0 −1
2
0 1
2
0
φ+fssσ1(21)σ1(1)φiss 0
1
2
0 1
2
0 1
2
0 1
2
0
φ+fssσ1(21)σ2(1)φiss 0
i
2
0 i
2
0 − i
2
0 - i
2
0
φ+fssσ1(21)σ3(1)φiss 0 0 -
1√
2
0 0 0 1√
2
0 0
φ+fssσ2(21)σ1(1)φiss 0 -
i
2
0 i
2
0 - i
2
0 i
2
0
φ+fssσ2(21)σ2(1)φiss 0
1
2
0 -1
2
0 -1
2
0 1
2
0
φ+fssσ2(21)σ3(1)φiss 0 0
i√
2
0 - i√
2
0 i√
2
0 0
φ+fssσ3(21)σ1(1)φiss − 1√2 0 0 0 0 0 0 0 1√2
φ+fssσ3(21)σ2(1)φiss -
i√
2
0 0 0 i√
2
0 0 0 - i√
2
φ+fssσ3(21)σ3(1)φiss 0
1
2
0 -1
2
0 -1
2
0 1
2
0
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Table 6: Spin matrix elements in Mrq1q¯2q¯1 for A(SA = 1) + B(SB = 1) → H(SH = 1)
with SHz = 1.
SHz 1 1 1 1 1 1 1 1 1
SAz -1 -1 -1 0 0 0 1 1 1
SBz -1 0 1 -1 0 1 -1 0 1
φ+fssφiss 0 0 0 0
1
2
0 0 0 1
φ+fssσ1(21)φiss 0 0 0 0 0
1√
2
0 1√
2
0
φ+fssσ2(21)φiss 0 0 0 0 0 -
i√
2
0 i√
2
0
φ+fssσ3(21)φiss 0 0 0 0 −12 0 0 0 1
φ+fssσ1(1)φiss 0
1√
2
0 0 0 1√
2
0 0 0
φ+fssσ2(1)φiss 0
i√
2
0 0 0 i√
2
0 0 0
φ+fssσ3(1)φiss 0 0 0 0
1
2
0 0 0 1
φ+fssσ1(21)σ1(1)φiss 0 0 1 0
1
2
0 0 0 0
φ+fssσ1(21)σ2(1)φiss 0 0 i 0
i
2
0 0 0 0
φ+fssσ1(21)σ3(1)φiss 0 0 0 0 0
1√
2
0 1√
2
0
φ+fssσ2(21)σ1(1)φiss 0 0 -i 0
i
2
0 0 0 0
φ+fssσ2(21)σ2(1)φiss 0 0 1 0 -
1
2
0 0 0 0
φ+fssσ2(21)σ3(1)φiss 0 0 0 0 0 -
i√
2
0 i√
2
0
φ+fssσ3(21)σ1(1)φiss 0 − 1√2 0 0 0 1√2 0 0 0
φ+fssσ3(21)σ2(1)φiss 0 -
i√
2
0 0 0 i√
2
0 0 0
φ+fssσ3(21)σ3(1)φiss 0 0 0 0 -
1
2
0 0 0 1
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Table 7: Total spin, orbital-angular-momentum quantum number, and cross section.
reaction S Li σ
unpol (mb)
KK¯ → φ 0 1 5.96
πD → D∗ 0 1 98.9
πD¯ → D¯∗ 0 1 98.9
DD¯ → ψ(4160) 0 1 3.26
D∗D¯ → ψ(4160) 1 1 10.53
DD¯∗ → ψ(4160) 1 1 10.53
D∗D¯∗ → ψ(4160) 0 1 19.83
1 1
2 1,3
D+s D
−
s → ψ(4160) 0 1 0.76
D∗+s D
−
s → ψ(4160) 1 1 1.71
D+s D
∗−
s → ψ(4160) 1 1 1.71
DD¯ → ψ(4415) 0 1 1.83
D∗D¯ → ψ(4415) 1 1 2.42
DD¯∗ → ψ(4415) 1 1 2.42
D∗D¯∗ → ψ(4415) 0 1 0.14
1 1
2 1,3
D+s D
−
s → ψ(4415) 0 1 0.041
D∗+s D
−
s → ψ(4415) 1 1 0.29
D+s D
∗−
s → ψ(4415) 1 1 0.29
D∗+s D
∗−
s → ψ(4415) 0 1 1.8
1 1
2 1,3
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